The thermodynamic properties of the Al -Na and Na -Al -H systems have been assessed by combining the "calculation of phase diagram" approach with first-principles predictions. The Gibbs energies of the individual phases were thermodynamically modeled, where the model parameters were obtained from best fit optimizations to combined experimental and first-principles predicted finite temperature data. The first-principles thermodynamic predictions were based upon density functional theory ground state minimizations and direct method lattice dynamics. The predictions proved to be important adjuncts to the assessments whenever experimental measurements were lacking or not feasible. It was shown that the phase stability conditions of sodium alanates, NaAlH 4 and Na 3 AlH 6 , were well described with the present models.
Introduction
The sodium alanate complex hydrides, sodium aluminum tetrahydride, NaAlH 4 , and sodium aluminum hexahydride, Na 3 AlH 6 , when activated with Ti additives, have an intermediate hydrogen storage capacity and reversibility at the moderate temperatures (20 -120°C) and pressures (1 -100 bar) required for fueling polymer electrolyte fuel cells [1 -3] . Despite the capacity and kinetic limitations of the sodium alanates, they comprise the best performing system that has been identified so far, and they are often used as a benchmark in the evaluation of newly developed hydrogen storage materials. Thermodynamic modeling of the sodium alanates provides the means for assessing the best possible performance that can be realized under equilibrium conditions. Such modeling establishes the upper bound of the ideal hydrogen reversibility that could be attained in the absence of kinetic hindrance of the hydrogen sorption reactions. This performance limit is important for evaluating the relative effectiveness of catalysis or activation of the sodium alanate hydrogen adsorption and desorption reactions. The modeling enables prediction of thermodynamic behavior of sodium alanates and other possible co-existing phases within the Na -Al -H ternary system, over a wide range of temperatures, pressures, and compositions. It also provides the basis for fundamental understanding of the interactions of other kinetically enhancing, destabilizing, or co-reacting phases that may be combined with the Na -Al -H system.
The present work incorporated the three binary systems: Al -Na, Al -H, and Na -H, as well as that of the NaAlH 4 and Na 3 AlH 6 ternary phases, into a thermodynamic model of the Na -Al -H ternary system. A number of experimental measurements were made on the thermodynamic properties of the alanates [1 -10] , of which References [4 -9] were reviewed by Batzner [11] . Theoretical first-principles predictions of ground state electronic energies were also reported for one or more of the alanates [12 -19] . Recently, first-principles finite temperature thermodynamic predictions for the sodium alanates have been derived from both ground state density functional theory minimized electronic energies [20 -22] and the finite temperature vibrational contributions determined with the direct method lattice dynamics method [23, 24] . This theoretical advance enabled the Na -Al -H system to be thermodynamically modeled by application of the "calculation of phase diagram" (CALPHAD) approach to a combination of measured and first-principles predicted finite temperature thermodynamic values. This integrated approach yielded a more robust thermodynamic description of the Na -Al -H system, capable of extending well beyond the temperature and pressure conditions that have been examined experimentally.
Experimental

Binary experimental descriptions
The first step in the assessment of the Na -Al -H system was to examine the thermodynamic models of the lower order Al -Na, Al -H, and Na -H binary systems. The binary Al -H and Na -H systems were already reported by the present authors [25, 26] and will be summarized briefly in the following paragraphs. The thermodynamic description of the Al -Na system has not been reported in the literature, and was developed as described in the present work.
A part of the Al -H phase diagram at 1 atm determined from the previous thermodynamic modeling [25] , is shown in Fig. 1 . It has a eutectic reaction at 660°C, very close to the melting temperature of Al: liquid → Al(fcc) + H 2 (gas), where fcc is the face-centered cubic Fm 3 3m structure. The hydrogen solubility in both liquid and fcc Al is very small (0.0018 and 0.0001 at.%, respectively), according to the model prediction at the eutectic temperature at 1 atm. The metastable compound alane, AlH 3 , is not shown in Fig. 1 because it becomes stable only at high pressures.
The fcc NaH phase is the only stable hydride in the Na -H system [26] , and it decomposes to liquid Na and H 2 at 426°C, as shown in Fig. 2 . No melting of NaH would occur during heating under ambient pressure. The hydrogen solubility in solid Na is negligible (10 -8 at.%), while the solubility in liquid Na is also small (10 -5 at.%) at the melting temperature of Na (98°C) at 1 atm.
The experimental data of the Al -Na system were reviewed by Murray [27] . The Al -Na phase diagram exhibits a monotectic reaction: liquid → Al(fcc) + Na(liquid), around the melting temperature of Al, and a non-symmetric miscibility gap above the monotectic reaction, as shown in Fig. 3a and b, respectively. The liquidus and monotectic reaction temperatures were measured with high accuracy by Fink [28] , but their measurement of the pure Al melting temperature was about 0.2°C lower than the model prediction. As a consequence, their data was calibrated by adding 0.2°C and served as target values in the optimization of model parameters. Sodium solubility in liquid Al has been investigated experimentally several times [28 -30] , but the data from different investigators showed considerable scatter, as reviewed by Murray [27] . These solubility data ranged from 0.1 to 0.3 at.% within the temperature range from 650 to 800°C. Recent activity measurements by Hansen [31] determined the sodium solubility to be 1.25 at.% in liquid Al at 750°C, indicating a further discrepancy with the previous data. The activity data from Hansen [31] fered significantly from the others [32, 33] . Within the scope of the present work on the modeling of sodium alanates, it was not attempted to justify the solubility and activity data. Instead, a preliminary evaluation of the Al -Na system was made by fitting the experimental monotectic reaction and solubility data of Reference [28] . The binary Al -Na liquid and solid solution phases (fcc and body-centered cubic Im 3 3m [bcc], respectively) were thermodynamically modeled with a substitutional solution model. To model the non-symmetric miscibility, a subregular solution model was necessary for the liquid phase. On the other hand, a regular solution model was efficient for the fcc and bcc structures. All the model parameters obtained from the optimization are listed in the Appendix. The calculated Al -Na diagram is shown in Fig. 3a and b in comparison with the experimental data. From Fig. 3a it is seen that the model calculations are in very good agreement with the experimental liquidus and monotectic temperature, which were calibrated by adding 0.2°C. Figure 3b shows that the present calculations are consistent with the solubility data from Reference [28] , but are different from the others [29, 30] .
Ternary Na -Al -H experimental data
A brief review of the Na -Al -H system was presented by Batzner [11] . Only the two ternary compounds, NaAlH 4 and Na 3 AlH 6 , have been observed in the Na -Al -H system. Solid NaAlH 4 has a tetragonal I4 1 /a structure and its melting was observed around 181°C with an enthalpy of 3.871 kJ (mole atom) -1 and entropy of 8.525 J (mole atom) -1 K -1 [5] . Na 3 AlH 6 exists in two modifications, and the transformation from the monoclinic P2 1 /c α-Na 3 AlH 6 to the cubic Fm 3 3m b-Na 3 AlH 6 was reported to have an enthalpy of 0.360 kJ (mole atom) -1 at 252°C [5] . A thermal effect was detected at 292°C when heating b-Na 3 AlH 6 , which was possibly related to its melting [5] .
The thermodynamic properties of the alanates have been reported based on experimental measurements. The heat capacities of NaAlH 4 and α-Na 3 AlH 6 were measured by Bonnetot [6] in the temperature range from 0 to 300 K. The standard enthalpy of formation of NaAlH 4 was determined to be -18.828 kJ (mole atom) -1 by measuring the heat of reaction with HCl [7] , which agrees well with -19.50 kJ (mole atom) -1 reported by Claudy [8] from the calorimetric measurement of the heat of the exchange reaction between NaAlH 4 and LiBr(solution). There are no direct data available for the enthalpy of formation of α-Na 3 AlH 6 . However, the enthalpy for the decomposition reaction: α-Na 3 AlH 6 → 3NaH + Al + 1.5H 2 , was reported from differential scanning calorimetrical measurements [5] . The dissociation pressures of liquid NaAlH 4 and solid α-Na 3 AlH 6 were measured by Dymova [9] . More studies have been carried out to investigate their hydrogenation/dehydrogenation processes with various catalysts, as reviewed by Bogdanovic [34] . Experimental data of the dissociation pressures for solid NaAlH 4 and α-Na 3 AlH 6 doped with TiCl 3 [1 -3] can be used as a guideline to assess their thermodynamic properties. Recently, differential scanning calorimetry and thermogravimetric measurements have quantified enthalpies for the various sodium alanate transitions determined while heating with a range of rates and hydrogen overpressures [10] .
First-principles Na -Al -H thermodynamic property predictions
The enthalpies of formation or decomposition of NaAlH 4 and Na 3 AlH 6 were predicted at finite temperatures based on the first-principles direct method lattice dynamics and were found to be consistent with the experimental data. Two methodologies were coupled for the first-principles prediction of thermodynamic properties of the solid-state phases in the Na -Al -H system. These methodologies were detailed in our preceding paper on the Na -H binary system [26] and will only be briefly summarized in the present discussion. The first methodology was a full structure minimization at the ground state (0 K) using the density functional theory (DFT) implemented in the Vienna Ab initio Simulation Package (VASP) with plane wave basis sets [21, 22] . The second methodology generated finite temperature thermodynamic predictions of the minimized structure using the direct method lattice dynamics approach of Parlinski, implemented in the Materials Design Phonon direct method module interfaced with the VASP code [23, 24] (herein referred to as the "Phonon direct method"). The solid-state phases atomically modeled in the Na -Al -H system included: the I4 1 /a NaAlH 4 , the P2 1 /c α-Na 3 AlH 6, and the fcc NaH line compounds, and the fcc Al and bcc Na elemental phases. The cubic Fm 3 3m or the orthorhombic Immm b-Na 3 AlH 6 isomorphs were not considered in this study.
For the first methodology, VASP minimizations employed the generalized gradient approximation (GGA) of Perdew and Wang [35] , and the valence electrons were explicitly represented with projector augmented wave (PAW) potentials [36] , using the hard Na_sv potential for the Na 2s 2 2p 6 3s 1 valence configuration, and the regular potentials for the Al 3s 2 3p 1 and H 1s 1 valence configurations. The plane wave cut-off energy of 780 eV and the Gaussian smearing with an energy broadening of 0.2 eV was used. Odd-sized k-point meshes were created by a MonkhorstPack scheme for minimization of the primitive cells [37] , using a 7 7 7 k-mesh for Al, a 5 5 5 k-mesh for NaAlH 4 , and a 7 7 7 k-mesh for α-Na 3 AlH 6 . The convergence criterion for the electronic self-consistent calculations was 0.01 meV (unit cell) -1 . The ground state (0 K) structure was determined by minimizing the Hellman -Feynman forces with the conjugate gradient algorithm, until all of the ionic forces were less than 0.05 eV Å -1
. The quasi-harmonic and longitudinal and transverse optical (LO/TO) phonon mode splitting approximations were not applied. These approximations would have required significantly greater computational resources than would have been worthwhile in terms of increases in accuracy.
For the second methodology, the Phonon direct method was employed to predict the lattice dynamics of the VASP minimized Al, NaAlH 4 , and α-Na 3 AlH 6 structures, using the harmonic approximation. Atom displacements were made on a 2Â2Â2 supercell for Al (32 atoms), and on 2Â2Â1 supercells of NaAlH 4 (96 atoms) and of α-Na 3 AlH 6 (80 atoms), where the supercells were constructed from the respective conventional cells. The corresponding Phonon direct method predictions for the Na and NaH phases were detailed in the preceding paper on the Na -H binary system [26] . A 0.1 strength of condition factor was applied for translational invariance. The finite tem-perature Gibbs free energy G(T) values referred to the stable element reference (GHSER) were determined from the analysis of the lattice dynamics following the methodology described in the preceding Na -H paper [26] .
2.4. Thermodynamic modeling and evaluation of the NaAl -H system
There are four types of phases in the ternary Na -Al -H system: liquid, solid solution (bcc and fcc), stoichiometric line compounds, and gas. They were treated with different thermodynamic models, as listed in Table 1 . The models for the liquid, solid solution (bcc and fcc), and gas were extended from those used in the binary systems [25, 26] . No ternary interaction parameters were introduced due to the lack of relevant information. The gaseous phase was approximated as an ideal gas in the present modeling, as treated in the previous work [25, 26] . It includes the gaseous species Al, AlH, AlH 2 , AlH 3 , Al 2 , H, H 2 , Na, Na 2 , and NaH, with H 2 being the dominant one in most cases. Their descriptions were taken from the Scientific Group Thermodata Europe (SGTE) database [38] which is based on the JANAF Tables [39] . All stoichiometric line compounds were described with sublattice models based on their crystal structure and atomic arrangement in the lattice. The Gibbs energies of AlH 3 and NaH were evaluated in previous works [25, 26] . NaAlH 4 , α-Na 3 AlH 6, and b-Na 3 AlH 6 were modeled with three sublattices, providing the capability to describe the possible dissolution of other elements such as Li substituting for Na, and Ti substituting for Al. With thermodynamic modeling, the Gibbs energy of a compound is often expressed as a function of temperature with a polynomial form. Such a polynomial is quite acceptable in many cases and has often been used in the CALPHAD approach. However, the polynomial cannot model heat capacity well at very low temperatures. On the other hand, Einstein's model based on harmonic lattice vibrations can describe heat capacity reasonably well under normal conditions. In the present case, heat capacity of NaAlH 4 and α-Na 3 AlH 6 are available from experiments in the temperature range from 0 K to 300 K and also from the Phonon direct method prediction within the range from 0 K to 2000 K. To model heat capacity over the whole temperature range, it is necessary to combine Einstein's model and the polynomial model, as shown in the previous work [26] . Thus, the Gibbs energy per one mole of formula of NaAlH 4 or α-Na 3 AlH 6 is given by . (1a) and a, b, c, . . . in Eq. (1b) are constants. The enthalpy, entropy, and heat capacity can be derived from the above equations using standard thermodynamic relations. As an example, heat capacity C P is given below: [40] , and the second term is used to account for electronic excitation and low-order anharmonic vibrations. The polynomial in Eq. (2b) is based on the well-known Meyer -Kelley expression [41] . Similarly, Eqs. (1a) and (1b) were also applied to b-Na 3 AlH 6 by assuming that the heat capacity was the same as α-Na 3 AlH 6 .
The properties of NaAlH 4 and α-Na 3 AlH 6 were assessed using the above models. The first step was to evaluate the coefficients h E and A o in Eq. (2a) and c, d , e, f in Eq. (2b) for the two compounds based on the experimental and Phonon direct method predicted heat capacities. During the course of this work, it was found necessary to use 6RT instead of 3RT in Eq. (1a) when applying it to α-Na 3 AlH 6 because this compound has more atoms. To ensure a smooth variation of C P around 298.15 K, a condition was used in the optimization that the difference of Eq. (2a) and Eq. (2b) at 298.15 K was set to be less than 0.1 J mol -1 K -1 . The next step was to evaluate E o in Eq. (1a) and a, b in Eq. (1b) by best fitting to the experimental data and firstprinciples calculations. The former includes transformation temperatures, transformation enthalpies, and dissociation pressure. Due to the lack of dissociation pressure data for solid NaAlH 4 , similar data [1 -3] obtained from NaAlH 4 with a TiCl 3 catalyst were used as a guideline in the evaluation. As for α-Na 3 AlH 6 , the selected dissociation data [1, 3] obtained with a TiCl 3 catalyst compared well with those by Dymova [9] . However, the data by Bogdanovic [2] showed a significant deviation from the others, and hence were not used in the evaluation of the model parameters. All the parameter evaluations were carried out through optimization using the Thermo-Calc PARROT program [42] . The various types of input data were treated simultaneously, and the parameters were optimized by searching for the best fit to selected data.
Results and discussion
First-principles predicted properties
The ground state sodium alanate structure lattice parameters determined in this study are compared to experimental results [43 -46] in Table 2 [50] . The electronic energies and heats of formation of the minimized structures computed in this study are listed in Table 3 . The electronic heats of formation can be compared to the other reported theoretical values. Wolverton [13] reported -64 kJ mol -1 for NaAlH 4 , -150 kJ mol -1 for α-Na 3 AlH 6 , and -43 kJ mol -1 for NaH. Ke [15] reported a heat of formation of -46.3 kJ mol -1 for NaH. The Phonon direct method dispersions for the NaAlH 4 , and α-Na 3 AlH 6 phases are shown in Fig. 4a and b . If LO/TO corrections were applied, the resulting NaAlH 4 Phonon direct method dispersion would be similar to those shown by Ke [15] .
Thermodynamic assessment
The thermodynamic description of the Na -Al -H system is given in the Appendix, where the model parameters marked with an asterisk were evaluated in the present work. The description can be used to make thermodynamic calculations under different conditions. The calculated heat capacities of NaAlH 4 and α-Na 3 AlH 6 are presented in Fig. 5a Table 3 . Predicted parameters for H 2 gas, and the Na, Al, NaAlH 4 , α-Na 3 AlH 6 , and NaH solid phases, based on the first-principles calculations. The parameters for the H 2 gas, the Na and NaH solid phases are from the preceding paper on the Na -H binary system [26] . As observed in experiments [6] , NaAlH 4 decomposes in two steps NaAlH 4 → 1/3α-Na 3 AlH 6 + 2/3Al + H 2 (3a)
α-Na 3 AlH 6 → 3NaH + Al + 1.5H 2 (3b)
The dissociation pressure for each reaction can be calculated from the following equations
[for reaction Eq. (3a)] (4a)
[for reaction Eq. (3b)] (4b) where DG 1 and DG 2 are the Gibbs energies of reaction Eqs. (3a) and (3b), respectively. Within a certain temperature range, the dissociation enthalpy DH and entropy DS are almost constant. A linear relation is then expected between dissociation pressure and reciprocal temperature in an Arrhenius plot, i. e. ln(P H2 ) vs. 1/T, as shown in Fig. 6 in comparison with experimental data. It can be seen that the calculations are in very good agreement with most experimental data [1, 3, 9] , except those from Bogdanovic [2] . It is also noted that the present calculations are in line with the Phonon direct method predictions. According to the present calculations, α-NaAlH 6 transforms to b-NaAlH 6 at 252°C with an enthalpy of 0.35 kJ (mole  atom) -1 , compared to experimental data of 0.36 kJ (mole atom) -1 . However, the present modeling was not parameterized to predict the melting of NaAlH 4 at 181°C or that of b-Na 3 AlH 6 at 292°C. From the above discussion it is seen that the dissociation enthalpy DH for each hydride is related to the slope of the corresponding line in Fig. 6 . To examine the effect of temperature, the dissociation enthalpy and entropy were calculated for NaAlH 4 and α-Na 3 AlH 6 as a function of temperature in Fig. 7a and b , where the dissociation enthalpy for NaH is also plotted for comparison. From Fig. 7a and b it is clear that the dissociation enthalpy and entropy exhibit very weak temperature dependence. As a consequence, it is expected that there will be an approximate linear dependence of the dissociation Gibbs energy on temperature. This is also true for the Gibbs energy of formation of NaAlH 4 , α-Na 3 AlH 6 , and b-Na 3 AlH 6 shown in Fig. 8 , where the curve for α-Na 3 AlH 6 almost coincides with that for b-Na 3 AlH 6 . There are no direct experimental data to show temperature dependence of the Gibbs energy. Fortunately, such temperature dependence has been predicted by the Phonon direct method calculations, as shown by symbols in Fig. 8 . It is seen that the present thermodynamic modeling has almost the same temperature dependence as the Phonon direct method predictions, although there was a small difference for NaAlH 4 and α-Na 3 AlH 6 . The difference was a consequence of the fact that the thermodynamic modeling was weighted to rely more heavily on experimental data, rather than the data from the Phonon direct method predictions. This can also be seen from Table 4, in which the standard enthalpy of formation of NaAlH 4 and α-Na NaH are also given in Table 4 , which were discussed in Reference [26] . By combining the three binary Al -Na, Al -H, and Na -H systems with thermodynamic descriptions of NaAlH 4 , α-Na 3 AlH 6 , and b-Na 3 AlH 6 , ternary diagrams can be calculated under various conditions. As an example, isothermal sections of the Na -Al -H system were calculated at 100°C at 1 atm and 100 atm, respectively, to show phase relations in Fig. 9a and b . It is seen that NaAlH 4 was not stable at 1 atm, but it becomes stable at 100 atm. Vertical sections calculated along the composition line NaH -AlH 3 at 1 atm and 100 atm are presented in Fig. 10a and b to show stability of hydrides and their decomposition reactions.
A potential diagram of the ternary system is presented in Fig. 11 to show stability of each phase and the relations among the various phases. Each single phase area in Fig. 11 represents the temperature and hydrogen activity ranges for stable phase existence. A line stands for an equilibrium between two phases with or without fcc Al, and a cross-point of three lines is for the three-phase equilibrium with or without fcc Al. It is noted from Fig. 11 that NaAlH 4 and NaH are separated by α-Na 3 AlH 6 , indicating a two-step decomposition of NaAlH 4 , as observed in experiments [6] . To demonstrate the effect of hydrogen pressure on the formation of various hydrides at a given temperature, a diagram of the Al -Na system was calculated at 100°C, as shown in Fig. 12 . It can be seen that at 100°C NaAlH 4 decomposes into α-Na 3 AlH 6 and fcc Al at 17 atm, while α-Na 3 AlH 6 decomposes into NaH and fcc Al at 0.76 atm. The melting of α-Na 3 AlH 6 at 20 807 atm and melting of NaAlH 4 
Conclusions
The first-principles methodology linking density functional theory ground state minimizations with direct method lattice dynamics was applied to predict the finite temperature thermodynamic properties of the NaAlH 4, α-Na 3 AlH 6 , and b-Na 3 AlH 6 phases. It has been shown that the predictions of heat capacity and dissociation pressures for NaAlH 4 and α-Na 3 AlH 6 were in satisfactory agreement with experimental data, which can be taken as an indication that the theoretical approach was well justified. Based on experimental data and first-principles predictions, the stability of sodium alanates was assessed using thermodynamic models. The model calculations show very good agreement with experimental data, including the enthalpy of decomposition from the dissociation pressure of the sodium alanates, and their stability under various conditions. These results demonstrate the utility of combining first-principles predicted and experimentally measured thermodynamic data to improve both the physical basis and the reliability of CALPHAD thermodynamic assessments. This integrated experimental -theoretical approach allows for the validation of first-principles data and the extension of thermodynamic predictions beyond the experimental realm. Int. J. Summary of thermodynamic parameters describing the Na -Al -H system. Values are given in SI units (Joule, mole, Kelvin, and Pa) and correspond to one mole of formula units of the phases. The parameters marked with an asterisk (*) were evaluated in the present work. Gibbs energy for gas and pure elements can be found in References [39] and [51] , respectively.
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